The authors are concerned with the accuracy of azimuth and elevation estimates provided by a planar array of sensors and its relation to the array manifold differential geometry. The paper builds on previously published results regarding the influence of manifold differential geometry on the detection and resolution capabilities of linear arrays.
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where are the real source location parameters (such as azimuth and ~´ Á Ã Á µ 4 elevation bearings) which are to be estimated. Vector a is the so-called ² ³
Source Position
Vector manifold vector (SPV) or which represents the complex array response to a single source with location parameters , and hence is a direct function of the array configuration.
The set of all source position vectors forms a locus, or vector continuum, termed the array manifold and defined as a where is the parameter space. 
The importance of the array manifold
The significance of the array manifold in the operation of a direction-of-arrival estimation system becomes apparent when it is noted that the procedure of all signal . This allows complete resolution of the sources for arbitrarily small angular separations hence the title "superresolution". c
In practice, however, due to the availability of a limited number of snapshots (finite observation interval), and the presence of noise, the array manifold does not intersect the estimated signal subspace but merely approaches it at points corresponding to false parameter values, , thus resulting in loss of resolution and accuracy. V From the above discussion it is apparent that the array manifold and hence the array c configuration plays an integral role in the operation of signal subspace algorithms and can c set fundamental limits on the quality of the array's performance. The influence of the array manifold on system performance may be assessed quantitatively by determining its shape and orientation in relation to the signal subspace, a task which can be accomplished effectively through a study of the manifold's differential geometry.
This was demonstrated by the authors in a recent paper 2 where the detection and µ resolution capabilities inherent to the manifold of a array of isotropic sensors were linear investigated. It was shown that the thresholds of detection and resolution for a linear array are directly influenced by the rate of change of arc length and the first curvature of the array manifold curve a in an azimuth-estimation system. ² ³
Objectives of paper
The objective of this paper is to build upon previous results and to determine, in a quantitative manner, the influence of the array manifold differential geometry on the accuracy planar of an azimuth-elevation direction-finding (DF) system employing a array of sensors.
In Section-2 the planar array manifold surface , is analyzed via a study of the ² ³ differential geometry of its two sets of constant-parameter curves a and a referred to ² ³ ² ³ as -and -curves respectively. Two features of particular interest are the rate of change of arc length and the first curvature. The obtained results identify the manner in which the array configuration affects the shape of the array manifold. These are subsequently used in Section-3 to evaluate expressions for the Cramer-Rao Lower bound on the variance of azimuth and elevation estimates in terms of : Î the local shape of the manifold -and -curves
Îthe signal-to-noise ratio Î the number of available snapshots
The scenarios investigated include the case of a single emitter as well as the critical case of two closely-spaced uncorrelated emitters. The derived expressions are extremely informative from an array design point of view, in the sense that they clearly describe the direct link between the array configuration and its DF performance. The dependence of , on azimuth is a function of array shape and is given by (² ³ 9² ³ while its dependence on elevation is simply cosinusoidal, irrespective of the array configuration. It can be readily seen that vector effectively represents the sensor 9² ³ locations if the array were to be projected upon a line along azimuth .
MANIFOLDS OF PLANAR ARRAYS OF ISOTROPIC SENSORS

Terminology regarding planar array geometry
The shape of a planar array is defined by vectors and . It is
H H 
The equality of the norms implies that the sensors are in some way equally distributed in the and directions (although this may not be immediately apparent from a simple % & inspection of the array shape). Many popular structures including uniform-circular, Xshaped, Y-shaped, square-grid etc. fall into this category. As will be seen later, the manifolds of balanced-symmetric arrays have some unique features not shared by other array geometries.
Throughout the paper two specific array structures, actually located in the UK, will be used to illustrate the concepts involved. The geometries of these arrays are as follows : ) A 24-element Y-shaped array with sensor locations of [8, 22, 38, 57, 79, 105, 136, 170 
Differential geometry of manifolds of planar arrays
The following facts may be readily deduced by inspection of Equation 3 with regards to the manifold of a planar array of isotropic sensors : 5 Î The array manifold is a 2-parameter surface lying on a hypersphere of radius l 5 5 embedded in complex -space . This is a result of the fact that a ,
Î The array manifold is a surface generated by the family of -parameter curves which meet at the apex of the manifold at =90°.
Î The -curve manifold of a planar array, at azimuth , is identical to the manifold curve of a linear array with sensor locations and is therefore 9² ³ shaped as a complex hyperhelix embedded in .
Figure 1 illustrates some of the above manifold features. Great care should be taken when interpreting pictorial representations of the manifold, since multidimensional complex geometry cannot always be shown consistently on a 2-dimensional diagram.
We may now proceed with the evaluation of the differential geometry of the -andcurves. The approach is similar to that presented in our earlier publication regarding the manifolds of linear arrays [2] . ² ³~" ² ³Á Ã Á " ² ³ 5d
curve in complex space , where . The shape of the curve may then be fully o² ³ Fortunately, not all curvatures need to be evaluated if one is only interested in the local behaviour of a multidimensional curve. In fact it can be shown that [6] , in the neighbourhood of a point a curve a has its main components along the unit tangent and ² ³ o , 9 5d
normal vectors and respectively and can be interpreted as a circular arc of (10) .
.
It is interesting to note that for arrays which are symmetric with respect to both the % and axes sum and hence . 
where /| | is the normalized version of . Note that the differential geometry of the 9~9 9 9
-curves also varies as a function of azimuth with a periodicity of at least 180°. The significance of Equations 13 to 18 will be thoroughly discussed in Section-3 in the context of the Cramer-Rao bound.
ACCURACY AND THE CRAMER RAO LOWER BOUND
The most popular bound in array processing is a well-known statistical result known as In this Section we attempt to provide some insight into the nature of the CRLB and furthermore to clarify its relationship with the differential geometry of the array manifold ² ³ and hence the array geometry . This is achieved by concentrating attention on the special cases of one and two emitters. 
Single Emitter CRLB in terms of manifold differential geometry
Two emitter CRLB in terms of manifold differential geometry
Expressions for the CRLB (on the variance of unbiased parameter estimates) become progressively more complicated with increasing numbers of emitters, , since the accuracy 4 of the bearing estimates is not only a function of the additive sensor noise but also depend on the interactions between the various emitters. Making the substitution a / , one may simply write :
The dependence of the CRLB on the rate of change of manifold arc length, , is again . ²³ quite apparent. Further interpretation of Equation 29 in terms of array manifold differential geometry is possible when (i.e. two-emitter scenario) and the two emitters are 4~ closely spaced at bearings and , corresponding to manifold arc lengths
and respectively. Under such circumstances, circular approximation can be applied to a local neighbourhood of a in order to evaluate the term
As shown in the Appendix, this results in the following expression :
and . Note that the bearing corresponds to . Consequently, the variations of CRB and CRB with respect to are µ´µ independent of array geometry and 90 out of phase.° ³ The dependence of the CRLB on azimuth is a rather complex function of the array geometry. However, it is known from the results of Section-2 that
Incorporating these results into Equation 30, and on the grounds that for closely spaced emitters and , one may deduce that :
In other words, the CRLB on the azimuth estimates of two emitters equally distributed about azimuth and with common elevations , is equal to the CRLB on the elevation estimates of two similar emitters equally distributed about elevation .
EXAMPLE
In Figure 3 the value of CRB as defined in [8] , is compared to that given by ´µ Á Equation 30 for two unit-power emitters located at bearings 20° and , " ~b and both at a common elevation of 20°. The expressions are evaluated for the 24-ẽ lement Y-shaped array, assuming the availability of 100 snapshots and a signal-to-3ñ oise ratio of 10dB (for each emitter). 
CONCLUSIONS
In this paper the deterministic Cramer-Rao bound on the error of bearing estimates, provided by an array of sensors in a direction-finding system, has been investigated and its behaviour in the case of planar array geometries has been studied in some detail. Also a novel expression for the CRLB has been derived in terms of array manifold differential geometry for the case of two closely spaced emitters. This provides some considerable insight into the relationship between the array configuration and its DF performance.
It has been shown that while the variations of the CRLB with respect to are strongly dictated by the structure of the planar array, the variations as a function of are independent of the array geometry and are a consequence of the change in effective planar aperture at different elevations. [4] Guggenheimer, H. W. , "Differential Geometry", McGraw-Hill, 1973. [5] Lipschutz, M. M. , "Differential Geometry", McGraw-Hill, 1969 . ´µ 6 H.R. Karimi, "The Array Manifold in Superresolution Direction Finding", PhD thesis, University of London, 1993. 
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